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THE NONCLASSICAL BOLTZMANN EQUATION
AND DIFFUSION-BASED APPROXIMATIONS TO THE

BOLTZMANN EQUATION∗
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Abstract. We show that several diffusion-based approximations (classical diffusion or SP1, SP2,
SP3) to the linear Boltzmann equation can (for an infinite, homogeneous medium) be represented
exactly by a nonclassical transport equation. As a consequence, we indicate a method to solve these
diffusion-based approximations to the Boltzmann equation via Monte Carlo methods, with only
statistical errors—no truncation errors.
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1. Introduction. In the classical theory of linear particle transport, the total
cross section Σt is independent of the path length s (the distance traveled by the
particle since its previous interaction), and of the direction of flight Ω. In this situa-
tion, the probability density function for a particle’s distance-to-collision is given by
a simple exponential,

(1) p(s) = Σte
−Σts.

However, in certain inhomogeneous random media in which the locations of the
scattering centers are spatially correlated, the particle flux will experience a nonex-
ponential attenuation law. A “nonclassical” theory for this type of transport problem
was recently introduced [9], with the assumption that the positions of the scattering
centers are correlated but independent of direction. In the case of isotropic scattering,
the nonclassical linear Boltzmann equation is writen as

∂ψ

∂s
(x,Ω, s) +Ω · ∇ψ(x,Ω, s) + Σt(s)ψ(x,Ω, s)

=
δ(s)

4π

[
c

∫
4π

∫ ∞

0

Σt(s
′)ψ(x,Ω′, s′)ds′dΩ′ +Q(x)

]
.

(2)

Here, c is the scattering ratio (probability of scattering), and Q(x) is a source. The
path length distribution

(3) p(s) = Σt(s)e
− ∫

s
0
Σt(s

′)ds′
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does not have to be exponential. If p(s) is exponential, (2) reduces to the classical
Boltzmann equation for the classical angular flux

(4) ψ(x,Ω) =

∫ ∞

0

ψ(x,Ω, s)ds.

A full derivation of this nonclassical linear Boltzmann equation and its asymptotic
diffusion limit can be found in [10], along with numerical results for an application
in two-dimensional (2-D) pebble bed reactor (PBR) cores. Existence and uniqueness
of solutions, as well as their convergence to the diffusion equation, are rigorously
discussed in [2]. The nonclassical theory was extended in [15] to include angularly
dependent path-length distributions in order to investigate anisotropic diffusion of
neutrons in three-dimensional (3-D) PBR cores [14, 16].

A similar kinetic equation with path length as an independent variable has been
rigorously derived for the periodic Lorentz gas in a series of papers by Golse et al.
(cf. [6] for a review), and by Marklof and Strömbergsson (cf. [11]). Furthermore,
related work has been performed by Grosjean [7]; it considers a generalization of
neutron transport that includes arbitrary path-length distributions, and presents a
derivation of diffusion solutions for infinite isotropic point and plane source problems.

In this paper we do not (directly) deal with a random medium. Instead, we show
that by selecting Σt(s) properly, (2) can be converted to an integral equation for the
scalar flux

(5) φ0(x) =

∫
4π

ψ(x,Ω)dΩ,

which is identical to the integral equation that can be constructed for several diffusion-
based approximations to the classical Boltzmann transport equation

(6) Ω · ∇ψ(x,Ω) + Σtψ(x,Ω) =
Σs

4π

∫
4π

ψ(x,Ω′)dΩ′ +
Q(x)

4π
.

More specifically, we show that for an infinite homogeneous medium in which
(i) Σs < Σt,
(ii) Q(x) → 0 as |x| → ∞,
(iii) ψ(x,Ω) → 0 as |x| → ∞,

the classical linear Boltzmann equation (6) and several of its diffusion-based approx-
imations can all be exactly represented by the nonclassical Boltzmann equation (2)
with a correctly chosen Σt(s). Moreover, the exact definition of Σt(s) for each method
can be determined (semi-)analytically.

To describe the diffusion-based approximations to the transport equation (6), we
integrate (6) over Ω, defining φ(x) by (5), and

φ1(x) =

∫
Ωψ(x,Ω)dΩ = current,

to obtain the exact balance equation

(7) Ω · ∇φ1(x) + Σtφ0(x) = Σsφ0(x) +Q(x).

Diffusion-based methods invoke a closure relation, which expresses φ1 in terms of
φ0. The classical diffusion approximation invokes Fick’s Law,

(8) φ1(x) = − 1

3Σt
∇φ0(x),
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to give (with Σt − Σs = Σa)

(9) − 1

3Σt
∇2φ0(x) + Σaφ0(x) = Q(x).

The classical diffusion equation has been generalized to the hierarchy of SPN

equations. A recent and complete review on these equations is given in [12]. The
SPN equations were first derived by Gelbard [3, 4, 5] in an ad hoc way. Theoretical
justifications were presented later [8, 13].

In the SP2 approximation, (9) is generalized to

(10) − 1

3Σt
∇2

[
φ0 +

4

5Σt
(Σaφ0 −Q)

]
+Σaφ0 = Q.

In the SP3 approximation, (9) is generalized to the system

− 1

3Σt
∇2(φ0 + 2φ2) + Σaφ0 = Q,(11a)

− 9

35Σt
∇2φ2 +Σtφ2 =

2

5
(Σaφ0 −Q).(11b)

The work in this paper accomplishes the following:
(i) It demonstrates (for an infinite homogeneous medium) that the original Boltz-

mann equation and the abovementioned diffusion-based approximations to
this equation are all special cases of the nonclassical Boltzmann equation.
This sheds new light on the various diffusion approximations.

(ii) Since the nonclassical Boltzmann equation (2) can be solved by Monte Carlo
methods, the results in these notes show how to solve diffusion-based approx-
imations to the Boltzmann equation via Monte Carlo methods, with only
statistical errors—no truncation errors. This has not been done before.

(iii) In connection with (ii), if p(s)ds = the probability that a particle will experi-
ence a collision between path length s and s+ds (since the previous collision),
then the distance-to-collision s can be sampled by inverse transform sampling
from the cumulative distribution function

(12) ξ =

∫ s

0

p(s′)ds′.

In this paper, we show that for all the diffusion-based methods considered,
the forms of p(s) are such that (12) can be explicitly solved for s in terms
of ξ = (computer-generated) random number, uniformly distributed between
0 and 1. This makes the possibility of using Monte Carlo methods to solve
these equations much more realistic.

(iv) Finally, this work shows that nonclassical transport processes have been
widely used for many years, without explicit awareness of this. It may make
it possible to consider other unknown-at-present applications of nonclassical
transport for problems in which the assumptions of classical transport are
too limiting.

The remainder of this paper is organized as follows. In section 2 we use the
previous work on the nonclassical Boltzmann equation to convert (2) to an integral
equation for the scalar flux φ0. In section 3, we use the Green’s function for the
diffusion operator

−∇2φ+Σ2
tλ

2φ
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to convert (9) into an integral equation for φ0(x). By choosing Σt(s) correctly, the
integral equation obtained in section 2 becomes identical to this (diffusion) integral
equation. In sections 4 and 5 we show that the SP2 and SP3 approximations to the
classical Boltzmann equation can, like the standard diffusion approximation treated
in section 3, be represented as nonclassical transport equations. We conclude with a
discussion in section 6.

2. Integral equation formulation. To simplify the notation, we define the
scattering plus inhomogeneous source (the right-hand side of (2)) by

S(x) = c

∫
4π

∫ ∞

0

Σt(s
′)ψ(x,Ω′, s′)ds′dΩ′ +Q(x)(13a)

= c

∫ ∞

0

Σt(s
′)φ0(x, s′)ds′ +Q(x)

= cf(x) +Q(x),

where

φ0(x, s) =

∫
4π

ψ(x,Ω, s)dΩ = nonclassical scalar flux,(13b)

f(x) =

∫ ∞

0

Σt(s
′)φ0(x, s′)ds′ = collision-rate density.(13c)

Then (2) can be written as

(14)
∂ψ

∂s
(x,Ω, s) +Ω · ∇ψ(x,Ω, s) + Σt(s)ψ(x,Ω, s) =

δ(s)

4π
S(x)

or, equivalently, as

(15a)
∂ψ

∂s
(x,Ω, s) +Ω · ∇ψ(x,Ω, s) + Σt(s)ψ(x,Ω, s) = 0, 0 < s,

with the initial condition

(15b) ψ(x,Ω, 0) =
S(x)

4π
.

Following [10], we use the method of characteristics to calculate the solution of
(15):

(16) ψ(x,Ω, s) =
S(x− sΩ)

4π
e−

∫
s
0
Σt(s

′)ds′ .

Operating on this equation by ∫ ∞

0

Σt(s)( · )ds

and using (3), we obtain∫ ∞

0

Σt(s)ψ(x,Ω, s)ds =
1

4π

∫ ∞

0

S(x− sΩ)p(s)ds.
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Next, we operate by
∫
4π
( · )dΩ and use (13c) to get

f(x) =

∫ ∞

0

Σt(s)φ0(x, s)ds =
1

4π

∫ ∞

0

∫
4π

S(x− sΩ)p(s)dΩds.

Now we make the change of spatial variables from the 3-D spherical (Ω, s) to the
3-D Cartesian x′ defined by

x′ = x− sΩ.(17a)

Then

s = |x′ − x| = radial variable,(17b)

dV ′ = dx′dy′dz′ = s2dsdΩ,(17c)

dsdΩ =
dV ′

s2
=

dV ′

|x′ − x|2 ,(17d)

and we obtain

(18) f(x) =

∫ ∫ ∫
S(x′)

p(|x′ − x|)
4π|x′ − x|2 dV

′,

where p(|x′ − x|) and S(x) are given by (3) and (13a), respectively.
For classical particle transport (in which Σt is independent of s), we have

f(x) =

∫ ∫ ∫
S(x′)

Σte
−Σt|x−x′|

4π|x− x′|2 dV
′(19a)

=

∫ ∫ ∫
[cf(x′) +Q(x′)]

Σte
−Σt|x−x′|

4π|x− x′|2 dV
′,

which is equivalent to the classical integral equation for the scalar flux. Hence, (12)
for sampling s yields

ξ =

∫ s

0

p(s′)ds′ =
∫ s

0

Σte
−Σts

′
ds′ = 1− e−Σts,(19b)

which we can rewrite as

(19c) s = − 1

Σt
ln(1 − ξ).

Equations (19) are all standard results, demonstrating that when Σt(s) = Σt =
constant, the nonclassical Boltzmann equation reduces to the standard Boltzmann
equation. Next, we derive similar results for diffusion-based approximations to (6).
These results are not standard.

3. Classical diffusion. Let us repeat the statements in the introduction on how
diffusion is typically derived: Integrating (6) over Ω, defining φ(x) by (5), and

φ1(x) =

∫
Ωψ(x,Ω)dΩ = current,

we obtain the exact balance equation

(20) ∇ · φ1(x) + Σtφ(x) = Σsφ(x) +Q(x).
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Diffusion-based methods invoke a closure relation, which expresses φ1 in terms of φ.
The classical diffusion aproximation invokes Fick’s Law,

(21) φ1(x) = − 1

3Σt
∇φ0(x),

to give

(22) − 1

3Σt
∇2φ0(x) + Σtφ0(x) = Σsφ0(x) +Q(x),

which is the classical diffusion approximation to (6). (Equation (22) is commonly
written in the form

(23) − 1

3Σt
∇2φ0(x) + Σaφ0(x) = Q(x)

with Σa = Σt − Σs.) If we define S(x) = Σsφ0(x) +Q(x), we can rewrite (22) as

(24) −∇2φ0(x) + Σ2
tλ

2φ0(x) = 3ΣtS(x),

where

λ2 = 3.

The Green’s function for the operator on the left-hand side of (24) is

(25) G(|x− x′|) = e−
√
3Σt|x−x′|

4π|x− x′| .

Therefore, we can solve (24) for φ0(x) by taking

φ0(x) =

∫ ∫ ∫
G(|x − x′|)3ΣtS(x

′)dV ′

=

∫ ∫ ∫
3Σte

−√
3Σt|x−x′|

4π|x− x′| S(x′)dV ′

=

∫ ∫ ∫
3Σt|x− x′|e−

√
3Σt|x−x′|

4π|x− x′|2 S(x′)dV ′.

Now we multiply by Σt to obtain the collision rate density f = Σtφ0:

Σtφ0 =

∫ ∫ ∫
3Σ2

t |x− x′|e−
√
3Σt|x−x′|

4π|x− x′|2 S(x′)dV ′.

This result agrees with (18) iff

(26) p(s) = 3Σ2
t se

−√
3Σts.

It is easily confirmed that∫ ∞

0

3Σ2
t se

−√
3Σtsds =

∫ ∞

0

√
3Σtse

−√
3Σtsd(

√
3Σts) = 1,
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Fig. 1. Cross section Σt as a function of path length s. Comparison of classical transport and
diffusion approximations.

so (26) describes a distribution function. Σt(s) is given by

(27) Σt(s) =
p(s)∫∞

s p(s′)ds′
=

3Σ2
ts

1 +
√
3Σts

=
√
3Σt

√
3Σts

1 +
√
3Σts

.

Therefore, the nonclassical transport equation reproduces the classical diffusion
approximation equation (23) to (2) if Σt(s) and p(s) are defined by (26) and (27).
Both functions are shown in Figures 1 and 2, respectively. This result agrees with the
work presented in [1], which uses spherical Fourier transforms to show that p(s) must
have the form se−s for diffusion to be an exact transport solution in three dimensions.

We note that the mean distance-to-collision (the mean free path) is

(28) s̄ =

∫ ∞

0

sp(s)ds =

∫ ∞

0

s3Σ2
tse

−√
3Σtsds =

2√
3Σt

.

This is greater than s̄ = Σ−1
t for the original transport equation. Also, s can be

sampled by

ξ =

∫ s

0

p(s′)ds′ =
∫ s

0

3Σ2
ts

′e−
√
3Σts

′
ds′ = 1− (1 +

√
3Σts)e

−√
3Σts

and thus

(29a) s =
1√
3Σt

f−1(ξ),

where

(29b) f(z) = (1 + z)e−z.
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Fig. 2. Path-length probability density function p(s). Comparison of classical transport and
diffusion approximations.

Fig. 3. Path-length cumulative distribution function ξ(s). Comparison of classical transport
and diffusion approximations.

The function f(z) is monotonic decreasing for 0 < z < ∞, taking values in
0 < f(z) < 1. The inverse f−1(ξ) can be precomputed by table, or interpolated,
or otherwise computed; we will not consider this here. We show ξ(s) in Figure 3.

4. Simplified P2 (SP2). The SP2 approximation to (6) is

(30) − 1

3Σt
∇2

[
φ0 +

4

5Σt
(Σaφ0 −Q)

]
+Σaφ0 = Q.
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Equivalently,

− 1

3Σt
∇2

(
1 +

4Σa

5Σt

)
φ0 +Σtφ0 = (Σsφ0 +Q)− 4

15Σ2
t

∇2Q

= S − 4

15Σ2
t

∇2[(Σsφ0 +Q)− Σsφ0]

= S − 4

15Σ2
t

∇2S +
4Σs

15Σ2
t

∇2φ0,

where S = (Σsφ0 +Q). Bringing the ∇2φ0 term to the left side, we get

−∇2

(
1

3Σt
+

4Σa

15Σ2
t

+
4Σs

15Σ2
t

)
φ0 +Σtφ0 = S − 4

15Σ2
t

∇2S

or, since

1

3Σt
+

4

15

Σa +Σs

Σ2
t

=
1

3Σt
+

4

15Σt
=

3

5Σt
,

we have

(31) − 3

5Σt
∇2φ0 +Σtφ0 = S − 4

15Σ2
t

∇2S.

Multiplying by 5Σt

3 , we obtain

−∇2φ0 +

(
5

3
Σ2

t

)
φ0 =

5Σt

3
S − 4

9Σt
∇2S

=
5Σt

3
S +

4

9Σt

(
−∇2S +

5

3
Σ2

tS − 5

3
Σ2

tS

)
.

Defining

λ2 =
5

3
,

we obtain

(−∇2 +Σ2
tλ

2)φ0 =

(
5Σt

3
− 4

9Σt

5

3
Σ2

t

)
S +

4

9Σt
(−∇2 +Σ2

tλ
2)S

=
25

27
ΣtS +

4

9Σt
(−∇2 +Σ2

tλ
2)S.

(32)

Using the Green’s function (25) for −∇2 +Σ2
tλ

2, we get

φ0(x) =
25

27
Σt

∫ ∫ ∫
GSdV ′ +

4

9Σt
S

or

(33) Σtφ0 =
5

9
(Σtλ)

2
∫ ∫ ∫

GSdV ′ +
4

9
S,

where

(34) G(s) =
e−Σtλs

4πs
.
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Now, we use the identity

S(x) =

∫ ∞

0

S(x+ sΩ)δ(s)ds =
1

4π

∫
4π

∫
δ(s)S(x + sΩ)dsdΩ

=

∫
4π

∫
δ(|x− x′|)

4π

S(x′)
|x− x′|2 dV

′,

(where x′ = x+ sΩ, |x− x′| = s, s2dsdΩ = dV ′) to obtain, from (31),

Σtφ0(x) =
5

9

∫ ∫ ∫
Σ2

tλ
2|x− x′|e−Σtλ|x−x′|

4π|x− x′|2 S(x′)dV ′

+
4

9

∫ ∫ ∫
δ(|x− x′|)
4π|x− x′|2S(x

′)dV ′.
(35)

This implies that for the SP2 equation,

(36a) p(s) =
5

9
Σ2

tλ
2se−Σtλs +

4

9
δ(s),

where

(36b) λ =

√
5

3
.

Thus, with probability 4
9 , a particle that scatters at a point x undergoes its next

“collision” at the same point. Each time a particle experiences a collision (even if it
has not moved), it has the probability of being absorbed (with probability Σa/Σt).

From (27), we have, for s > 0,

(37) Σt(s) =
p(s)∫∞

s p(s′)ds′
=

Λ2se−Λs∫∞
s Λ2s′e−Λs′ds′

=
Λ2s

1 + Λs
,

where Λ = Σtλ. Also, for s ≈ 0, (26) and (36) give

(38) Σt(s) ≈ 4

9
δ(s).

This agrees with the physical interpretation that

Σt(0)ds =
4

9
= the probability that a particle at s = 0 will experience a collision.

Equations (37) and (38) can be written more compactly as

(39) Σt(s) =
4
9δ(s) + Λ2s

1 + Λs
.

The mean free path is

s̄ =

∫ ∞

0

sp(s)ds =

∫ ∞

0

s

[
5

9
Λ2se−Λs +

4

9
δ(s)

]
ds =

10

9Λ

=
10

9

√
3

5

1

Σt
=

√
20

27

1

Σt
.

(40)

This result is less than the physically correct 1
Σt

.
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Finally, the distance-to-collision can be sampled using

ξ =

∫ s

0

p(s′)ds′ =
∫ s

0

[
4

9
δ(s′) +

5

9
Λ2s′e−Λs′

]
ds′

=
4

9
+

5

9

[
1− (1 + Λs)e−Λs

]
= 1− 5

9
f(Λs),

(41a)

where

(41b) f(z) = (1 + z)e−z

was introduced earlier (in equation (29b)). Thus, for 0 ≤ ξ ≤ 4
9 , s = 0. For ξ > 4

9 ,
(41a) gives

5

9
f(Λs) = 1− ξ

⇒ ξ =

√
3

5

1

Σt
f−1

(
9

5
(1 − ξ)

)
.

Equivalently,

(42) s =

{
0, 0 ≤ ξ ≤ 4

9 ,√
3
5

1
Σt
f−1

(
9
5 (1− ξ)

)
, 4

9 < ξ ≤ 1.

Again, (42) states that with probability 4
9 , a particle will suffer its next collision

at the precise location of the previous one. Each time a particle experiences a collision
(whether it moves or not) it is subject to absorption, with probability Σa/Σt. The
functions Σt(s), p(s), and ξ(s) are shown in Figures 1–3.

5. Simplified P3 (SP3). The SP3 approximation to (6) consists of the following
two coupled equations:

− 1

3Σt
∇2(φ0 + 2φ2) + Σtφ0 = S,(43a)

− 9

35Σt
∇2φ2 +Σtφ2 =

2

5
(Σtφ0 − S),(43b)

where

S(x) = Σsφ0(x) +Q(x).(43c)

To demonstrate that the SP3 equations can be represented as a nonclassical transport
process, we must calculate the Green’s function for (43). These functions satisfy

− 1

3Σt
∇2(G0 + 2G2) + ΣtG0 = δ(x),(44a)

− 9

35Σt
∇2G2 + ΣtG2 − 2

5
ΣtG0 = −2

5
δ(x),(44b)

where G0 and G2 are functions of r = |x| and, when found, they enable (43) to be
written

φ0(x) =

∫ ∫ ∫
G0(|x− x′|)S(x′)dV ′,(45a)

φ2(x) =

∫ ∫ ∫
G2(|x− x′|)S(x′)dV ′.(45b)

Equation (45b) is not needed, but (45a) is needed to show the desired result.
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We know that

G(r) =
e−Σtλr

4πr
(46a)

is the Green’s function for the operator −∇2 +Σ2
tλ

2, i.e., it satisfies

−∇2G+Σ2
tλ

2G = δ(x).(46b)

More specifically, we have the following.
1. For r > 0, G(r) satisfies

− 1

r2
∂

∂r
r2
∂G

∂r
+Σ2

tλ
2G = 0.(47a)

2. Also, if we integrate (46b) over |x| ≤ ε,

−
∫
|x|≤ε

∇ · ∇GdV = −
∫
|x|=ε

n · ∇GdS = −(4πε2)
∂G

∂r
(ε),(47b)

and let ε→ 0, we get

lim
ε→0

(
−4πε2

∂G

∂r
(ε)

)
= 1.(47c)

The right side of (47b) is the rate at which the δ-function source emits parti-
cles at x = 0. The left side of this equation is the net rate at which particles
leak away from the point x = 0.

It is easily verified that G(r) defined by (46a) satisfies equations (47a) and (47c).
To solve (44), we seek two functions, G0(r) and G2(r), satisfying
1. for 0 < r <∞,

− 1

3Σt

1

r2
∂

∂r
r2
∂

∂r
(G0 + 2G2) + ΣtG0 = 0,(48a)

− 9

35Σt

1

r2
∂

∂r
r2
∂

∂r
G2 +ΣtG2 − 2

5
ΣtG0 = 0;(48b)

2.

− 1

3Σt
lim
ε→0

[
(4πε2)

(
∂G0

∂r
(ε) + 2

∂G2

∂r
(ε)

)]
= 1,(49a)

− 9

35Σt
lim
ε→0

[
(4πε2)

∂G2

∂r
(ε)

]
= −2

5
.(49b)

Note that (49a) and (49b) were obtained by operating on (44) by

lim
ε→0

∫
|x|≤ε

(·)dV.

To satisfy (48), we seek solutions of these equations of the form

G0(r) =
e−Σtλr

4πr
,(50a)

G2(r) = a
e−Σtλr

4πr
,(50b)
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where λ and a are constants to be determined. Using

∇2

(
e−Σtλr

4πr

)
= Σ2

tλ
2

(
e−Σtλr

4πr

)
,

(48a) and (48b) yield

− 1

3Σt
[Σ2

tλ
2 + 2aΣ2

tλ
2] + Σt = 0,

− 9

35Σt
[Σ2

tλ
2a] + Σta− 2

5
Σt = 0,

or

−1

3
(1 + 2a)λ2 + 1 = 0,

− 9

35
aλ2 + a =

2

5
.

The second of these equations gives

a =
14

35− 9λ2
,(51a)

and then the first gives

−1

3

(
1 +

28

35− 9λ2

)
λ2 + 1 = 0.(51b)

Simple manipulations of (51b) give

0 = 3λ4 − 30λ2 + 35.

This equation has two solutions:

(λ±)2 = 5± 2

√
10

3
≈ 5± 3.651484.

Taking the positive square roots, we get

λ+ = 2.941340,(52a)

λ− = 1.161256.(52b)

Note that for the classical diffusion equation treated in section 3, λ =
√
3, and

μ =
1

λ
=

1√
3
= 0.577350

is the positive value of μ in the S2 Gauss–Legendre quadrature set. For (52a) arising
from the SP3 equations,

μ+ =
1

λ+
= 0.339981,

μ− =
1

λ−
= 0.861137

are the two positive values of μ in the S4 Gauss–Legendre quadrature set.
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Introducing (52) into (51a), we get

a+ =
14

35− 9(2.941340)2
= −0.326619,(53a)

a− =
14

35− 9(1.161256)2
= 0.612334.(53b)

Thus, we have found two solutions of (48) of the form defined by (50): one for
λ+ and a+ defined by (52a) and (53a); the other for λ− and a− defined by (52b) and
(53b). The general solution is a linear combination of these two solutions, e.g.,

G0(r) = ΣtA
+

(
e−Σtλ

+r

4πr

)
+ΣtA

−
(
e−Σtλ

−r

4πr

)
,(54a)

G2(r) = ΣtA
+a+

(
e−Σtλ

+r

4πr

)
+ΣtA

−a−
(
e−Σtλ

−r

4πr

)
,(54b)

where the constants A+ and A− are determined by (49). Inserting (54) into (49), we
get

A+a+ +A−a− = −14

9
,(55a)

A+ +A− =
55

9
.(55b)

Solving these equations for A+ and A−, we obtain

A+ = 5.642025.(56a)

A− = 0.469086.(56b)

Thus, the Green’s function for the scalar flux G0(r) is given by (54a), with λ±

defined by (52) and A± by (56):

G0(r) =
Σt

4πr

[
A+e−Σtλ

+r +A−e−Σtλ
−r
]
.(57)

Equation (45a) now gives

Σtφ0(x) =

∫ ∫ ∫
ΣtG0(|x− x′|)S(x′)dV ′

=

∫ ∫ ∫ Σ2
t |x− x′|

[
A+e−Σtλ

+|x−x′| +A−e−Σtλ
−|x−x′|

]
S(x′)

4π|x− x′|2 dV ′,

and this agrees with (18) if we define

(58) p(s) = Σ2
t s
(
A+e−Σtλ

+s +A−e−Σtλ
−s
)
, 0 ≤ s <∞.

To confirm that this legitimately defines a distribution function, we can easily calculate∫ ∞

0

Σ2
t s
(
A+e−Σtλ

+s +A−e−Σtλ
−s
)
ds =

A+

(λ+)2
+

A−

(λ−)2
= 1.
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Thus,

∫ ∞

0

p(s)ds = 1,

as required.
Next, one can easily obtain

∫ ∞

s

p(s′)ds′ =
∫ ∞

s

Σ2
t s

′
(
A+e−Σtλ

+s′ +A−e−Σtλ
−s′
)
ds′

= A+

(
1 + Σtλ

+s

(λ+)2

)
e−Σtλ

+s +A−
(
1 + Σtλ

−s
(λ−)2

)
e−Σtλ

−s.

Therefore,

(59) Σt(s) =
p(s)∫∞

s p(s′)ds′
=

A+(Σ2
t s)e

−Σtλ
+s +A−(Σ2

t s)e
−Σtλ

−s

A+
(

1+Σtλ+s
(λ+)2

)
e−Σtλ+s +A−

(
1+Σtλ−s
(λ−)2

)
e−Σtλ−s

.

For Σts	 1,

e−Σtλ
+s 
 e−Σtλ

−s,

and (59) reduces to

(60) Σt(s) =
Σ2

t s

1 + Σtλ−s
(λ−)2 ≈ Σtλ

− ≈ 1.161256Σt (s→ ∞).

This result is more accurate than the “diffusion” value of
√
3Σt = 1.732051Σt.

The SP3 mean free path is

s̄ =

∫ ∞

0

sp(s)ds =

∫ ∞

0

Σ2
t s

2
(
A+e−Σtλ

+s +A−e−Σtλ
−s
)
ds

=
1

Σt

(
2A+

(λ+)3
+

2A−

(λ−)3

)

=
1.042533

Σt
.

(61)

This result is much closer to the “correct” value of Σ−1
t than either the diffusion result

(28) or the SP2 result (40).
Finally, the distance-to-collision s can be sampled by the formula

ξ =

∫ s

0

p(r)dr =

∫ s

0

[
Σ2

t r
(
A+e−Σtλ

+r +A−e−Σtλ
−r
)]
dr

=
A+

(λ+)2

[
1− (1 + Σtλ

+s)e−Σtλ
+s
]
+

A−

(λ−)2
[
1− (1 + Σtλ

−s)e−Σtλ
−s
]

= F (Σts), 0 < s <∞.

(62)
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The function F can be tabulated to efficiently give

(63) s =
1

Σt
F−1(ξ).

Again, the functions Σt(s), p(s), and ξ(s) are shown in Figures 1–3.

6. Discussion. In this paper we have shown that for an infinite homogeneous
medium, three diffusion-based approximations to the standard steady-state linear
Boltzmann equation (classical diffusion, SP2, and SP3) can each be represented ex-
actly by a nonclassical transport equation with a nonconstant Σt(s). (For the standard
Boltzmann equation, Σt(s) = Σt = constant, independent of s.) The practical value
of the approximate diffusion-based methods is that they are traditionally formulated
without use of the angular variable Ω, making them much less expensive to simulate
than the original Boltzmann equation. For each diffusion approximation, we derived
an explicit expression for the path-length distribution p(s) and showed that as one
progresses from diffusion to SP2 to SP3, the corresponding scattering cross section
Σt(s) increasingly better approximates the constant Σt of the Boltzmann equation
(see Figure 1). This is because the classical exponential distribution is approximated
better and better (see Figure 2). As a result, we have seen that the mean free path
is approximated with increasing accuracy. As a side note, we remark that the second
moment of the path length distribution

∫∞
0
s2p(s)ds for all diffusion approximations

gives the exact transport value 2
Σ2

t
. However, we do not see a systematic reason why

this should be the case.
These results give theoretical insight into the properties of the approximate meth-

ods. The results also make it possible—in principle—to consistently simulate diffusion,
SP2, and SP3 problems using a Monte Carlo method in which the distance-to-collision
is determined by a nonexponential distribution function. However, before this can be
done for realistic problems, the theory in this paper must be generalized in two ways.

First, the theory must be extended to heterogeneous media in such a way that the
interface conditions for the nonclassical Boltzmann equation at material interfaces are
consistent with the interface conditions used for the relevant diffusion approximations.
The “natural” interface condition for the nonclassical Boltzmann equation would seem
to be that for each x and Ω, the nonclassical angular flux should be a continuous
function of s. Presumably, this (or some other) condition is consistent with the
standard approximate interface conditions.

Second, the theory in this paper must be extended to finite media. For such
problems, boundary conditions for the nonclassical angular flux on the outer boundary
of the system must be formulated in a way that is consistent with standard outer
boundary conditions to the relevant diffusion approximation. Specifically, what should
the assigned value of s be for particles that enter the system from the exterior? The
choice s = 0 is intuitively appealing but is not necessarily correct.

This work must be done in order for the representation of the diffusion-based
approximations to the Boltzmann equation by nonclassical Boltzmann equations to
become “complete.” When this happens, it will be possible to interpret these approx-
imations as being fully equivalent to nonclassical transport processes, and to employ
Monte Carlo methods to directly simulate them. However, these remaining tasks must
be left for future work.

Acknowledgment. We would like to thank the anonymous referee who alerted
us to the previous unpublished work by Grosjean [7].
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[11] J. Marklof and A. Strömbergsson, The Boltzmann-Grad limit of the periodic Lorentz gas,
Ann. of Math. (2), 174 (2011), pp. 225–298.

[12] R.G. McClarren, Theoretical aspects of the simplified PN equations, Transport Theory
Statist. Phys., 39 (2011), pp. 73–109.

[13] D.I. Tomasevic and E.W. Larsen, The simplified P2 approximation, Nucl. Sci. Eng., 122
(1996), pp. 309–325.

[14] R. Vasques, Estimating anisotropic diffusion of neutrons near the boundary of a pebble bed
random system, in M&C 2013, American Nuclear Society, La Grange Park, IL, 2013.
pp. 1736–1747.

[15] R. Vasques and E.W. Larsen, Non-classical particle transport with angular-dependent path-
length distributions. I: Theory, Ann. Nucl. Energy, 70 (2014), pp. 292–300.

[16] R. Vasques and E.W. Larsen, Non-classical particle transport with angular-dependent path-
length distributions. II: Application to pebble bed reactor cores, Ann. Nucl. Energy, 70
(2014), pp. 301–311.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


