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1. Introduction

The classical theory of linear particle transport defines as
dp ¼ Rtðx; EÞds the incremental probability dp that a particle at
point x with energy E will experience an interaction while traveling
an incremental distance ds in the background material. Here, the
total cross section Rt is independent of the direction of flight X,
and the path-length s is defined as

s ¼ the path-length traveled by the particle since its previous
interactionðbirth or scatteringÞ: ð1:1Þ

This typically leads to the particle flux decreasing as an exponential
function of the path-length (Beer–Lambert law).

However, in an inhomogeneous random medium, particles will
travel through different materials with randomly located
interfaces. In atmospheric clouds, experimental studies have found
evidence of a non-exponential attenuation law (Davis et al., 1996;
Marshak et al., 1997; Pfeilsticker, 1999). It has been suggested
(Kostinski, 2001) that the locations of the scattering centers (in this
case water droplets) are spatially correlated in ways that measur-
ably affect radiative transfer within the cloud (Kostinski and Shaw,
2001; Buldyrev et al., 2001; Shaw et al., 2002; Davis, 2008; Borovoi,
2002; Kostinski, 2002; Davis and Marshak, 2004; Scholl et al.,
2006).

An approach to this type of non-classical transport problem was
recently introduced (Larsen, 2007), with the assumption that the
positions of the scattering centers are correlated but independent
of direction X; that is, Rt is independent of X but not
s : Rt ¼ Rtðx; E; sÞ. A full derivation of this generalized linear Boltz-
mann equation (GLBE) and its asymptotic diffusion limit can be
found in Larsen and Vasques (2011), along with numerical results
for an application in 2-D pebble bed reactor (PBR) cores. Existence
and uniqueness of solutions, as well as their convergence to the
diffusion equation, are rigorously discussed in Frank and Goudon
(2010). Furthermore, a similar kinetic equation with path-length
as an independent variable has been derived for the periodic
Lorentz gas (Golse, 2012).

For specific random systems in which the locations of the scat-
tering centers are correlated and dependent on the direction X,
anisotropic particle transport arises (Vasques, 2009; Vasques and
Larsen, 2009). This anisotropy is a direct result of the geometry
of the random system – for instance, the packing of pebbles close
to the boundaries of a pebble bed system leads to particles
traveling longer distances in directions parallel to the boundary
wall (Vasques, 2013). One may also expect that, due to the
‘‘gravitational’’ arrangement of pebbles in PBR cores, diffusion in
the vertical and horizontal directions might differ. This behavior
can only be captured if we allow the path-lengths of the particles
to depend upon X; that is, Rt ¼ Rtðx;X; E; sÞ. (Implications of
angular-dependent cross-sections in anisotropic media have been
previously considered in Williams (1978), in connection with
charged particle transport in lattice-like structures.)

The goal of this paper is to extend the GLBE formulation in
Larsen and Vasques (2011) to include this angular dependence.
For simplicity, we do not consider the most general problem here;
similarly to Larsen and Vasques (2011), our analysis is based on
five primary assumptions:
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i. The physical system is infinite and statistically
homogeneous.

ii. Particle transport is monoenergetic. (However, the inclu-
sion of energy- or frequency-dependence is straight-
forward.)

iii. Particle transport is driven by a known interior isotropic
source QðxÞ satisfying Q ! 0 as jxj ! 1 (and the particle
flux ! 0 as jxj ! 1).

iv. The ensemble averaged total cross section RtðX; sÞ, defined
as
RtðX; sÞds ¼ the probabilityðensemble-averaged over all
physical realizationsÞthat a particle;
scattered or born at any point x and traveling
in the direction X; will experience a collision
between xþ sX and xþ ðsþ dsÞX;
is known. (In the next part of this 2-part paper we discuss

how RtðX; sÞ might be numerically derived from hypothe-
sized correlations between the scattering centers.)
v. The distribution function PðX �X0Þ for scattering from X0 to
X is independent of s. (The correlation in the scattering cen-
ter positions affects the probability of collision, but not the
scattering properties when scattering events occur.)

For problems in general random media, RtðX; sÞ depends also on
x. In this paper the statistics are assumed to be homogeneous, in
which case the dependence on x is dropped. (In the derivation of
the GLBE in Larsen and Vasques (2011), the statistics was assumed
to be independent of x and X.)

A summary of the remainder of the paper follows. In Section 2
we present definitions and formally derive the new GLBE. In Sec-
tion 3 we derive (i) the conditional distribution function qðX; sÞ
for the distance s to collision in a given direction X in terms of
the total cross section RtðX; sÞ; and (ii) the equilibrium path-length
spectrum in a given direction. In Section 4 we reformulate the new
GLBE in terms of integral equations in which s is absent. In Sec-
tion 5 we derive the asymptotic diffusion limit of the new GLBE,
presenting 3 physically relevant special cases; and in Section 6
we show that if RtðX; sÞ is independent of both ðX; sÞ, the theory
introduced here reduces to the classical theory. We conclude with
a discussion in Section 7.

2. Derivation of the new GLBE

Using the notation x ¼ ðx; y; zÞ ¼ position and X ¼ ðXx;Xy;XzÞ ¼
direction of flight (with jXj ¼ 1), and using Eq. (1.1) for s, we
define:
nðx;X;sÞdV dXds¼ the number of particles in dV dXds about ðx;X;sÞ;

ð2:1aÞ

v ¼ ds
dt
¼ the particle speed; ð2:1bÞ

wðx;X; sÞ ¼ vnðx;X; sÞ ¼ the angular flux; ð2:1cÞ

RtðX; sÞds ¼ the probability that a particle that has traveled a
distance s in the direction X since its previous
interaction ðbirth or scatteringÞ will experience its
next interaction while traveling
a further distance ds; ð2:1dÞ

c¼ the probability that when a particle experiences a collision;
it will scatter ðnotice that c is independent of s and XÞ; ð2:1eÞ
PðX0 �XÞdX ¼ the probability that when a particle with
direction of flight X0 scatters; its outgoing
direction of flight will lie in dX about X

ðP is independent of sÞ; ð2:1fÞ

QðxÞdV¼ the rate at which source particles are isotropically
emitted by an internal source QðxÞ in dV about x: ð2:1gÞ

Classic manipulations directly lead to:

@

@s
wðx;X; sÞdV dX ds ¼ 1

v
@

@t
vnðx;X; sÞdV dX ds

¼ @

@t
nðx;X; sÞdV dX ds

¼ the rate of change of the number of
particles in dV dX ds about ðx;X; sÞ; ð2:2aÞ

jX �njwðx;X;sÞdS dX ds¼ the rate at which particles in dX ds

about ðX;sÞ flow through an incremental
surface area dS with unit normal vector n; ð2:2bÞ

X � $wðx;X; sÞdV dX ds ¼ the net rate at which particles in
dX ds about ðX; sÞ flow ðleakÞ out of
dV about x; ð2:2cÞ

RtðX;sÞwðx;X;sÞdV dXds¼RtðX;sÞ
ds
dt

nðx;X;sÞdV dX ds

¼ 1
dt
½RtðX;sÞds�½nðx;X;sÞdV dX ds�

¼ the rate at which particles in dV
dXds about ðx;X;sÞ experience collisions: ð2:2dÞ

The treatment of the inscattering and source terms requires ex-
tra care. From Eq. (2.2d),Z 1

0
RtðX0; s0Þwðx;X0; s0Þds0

� �
dV dX0 ¼ the rate at which particles

in dV dX0 about ðx;X0Þ
experience collisions:

Multiplying this expression by cPðX �X0ÞdX, we obtain:

cPðX �X0Þ
Z 1

0
RtðX0;s0Þwðx;X0;s0Þds0

� �
dV dX0 dX¼ the rate at which

particles in dV dX0 about ðx;X0Þ scatter into dV dX about ðx;XÞ:

Integrating this expression over X0 2 4p, we get:

c
Z

4p

Z 1

0
PðX0 �XÞRtðX0; s0Þwðx;X0; s0Þds0 dX0

� �
dV dX

¼ the rate at which particles scatter into dV dX about ðx;XÞ:

Finally, when particles emerge from a scattering event their
value of s is ‘‘reset’’ to s ¼ 0. Therefore, the path-length spectrum
of particles that emerge from scattering events is the delta func-
tion dðsÞ. Multiplying the previous expression by dðsÞds, we
obtain:

dðsÞc
Z

4p

Z 1

0
PðX0 �XÞRtðX0; s0Þwðx;X0; s0Þds0 dX0

� �
dV dX ds

¼ the rate at which particles scatter into dV dX ds

about ðx;X; sÞ: ð2:2eÞ

Also,

dðsÞQðxÞ
4p

dV dX ds ¼ the rate at which source particles are

emitted into dV dX ds about ðx;X; sÞ: ð2:2fÞ
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We now use the familiar conservation equation (in each of the
following terms, the phrase ‘‘of particles in dV dX ds about ðx;X; sÞ’’
is omitted):

Rate of change ¼ Rate of gain� Rate of loss

¼ ðInscatter rateþ Source rateÞ
� ðNet leakage rateþ Collision rateÞ: ð2:3Þ

Introducing Eqs. (2.2) into this expression and dividing by dV dX ds,
we obtain the new GLBE for wðx;X; sÞ:

@w
@s
ðx;X; sÞ þX � $wðx;X; sÞ þ RtðX; sÞwðx;X; sÞ

¼ dðsÞ c
Z

4p

Z 1

0
PðX0 �XÞRtðX0; s0Þwðx;X0; s0Þds0dX0

þ dðsÞQðxÞ
4p

:

Eq. (2.4) can be written in a mathematically equivalent way in
which the delta function is not present: for s > 0

@w
@s
ðx;X; sÞ þX � $wðx;X; sÞ þ RtðX; sÞwðx;X; sÞ ¼ 0; ð2:5aÞ

then, operating on Eq. (2.4) by lime!0
R e
�eð�Þds and using w ¼ 0 for

s < 0, we obtain

wðx;X;0Þ ¼ c
Z

4p

Z 1

0
PðX0 �XÞRtðX0; s0Þwðx;X0; s0Þds0 dX0 þ QðxÞ

4p
:

ð2:5bÞ

Eqs. (2.5) are mathematically equivalent to Eq. (2.4).
To establish the relationship between the present work and the

classic number density and angular flux, we integrate Eq. (2.1a)
over s and obtain:Z 1

0
nðx;X; sÞds

� �
dV dX ¼ the total number of particles in

dV dX about ðx;XÞ: ð2:6Þ

Therefore,

ncðx;XÞ ¼
Z 1

0
nðx;X; sÞds ¼ classic number density; ð2:7Þ

and

wcðx;XÞ ¼ vncðx;XÞ ¼
Z 1

0
wðx;X; sÞds ¼ classic angular flux:

ð2:8Þ
3. The angular-dependent path-length and equilibrium
path-length distributions

Without loss of generality, let us consider a single particle
released from an interaction site at x ¼ 0 in the direction
X ¼ i = direction of the positive x-axis. Eq. (2.5a) for this particle
becomes:

@w
@s
ðx;X ¼ i; sÞ þ @w

@x
ðx;X ¼ i; sÞ þ RtðX ¼ i; sÞwðx;X ¼ i; sÞ ¼ 0:

ð3:1Þ

For this particle, we have xðsÞ ¼ s and wðxðsÞ; i; sÞ � Fði; sÞ. Therefore,

dF
ds
ði; sÞ ¼ @w

@x
ðxðsÞ; i; sÞ dx

ds

� �
þ @w
@s
ðxðsÞ; i; sÞ ¼ @w

@x
þ @w
@s

ð3:2Þ

Eq. (3.1) then simplifies to:

dF
ds
ði; sÞ þ Rtði; sÞFði; sÞ ¼ 0: ð3:3aÞ
We apply the initial condition

Fði;0Þ ¼ 1; ð3:3bÞ

since we are considering a single particle. The solution of Eqs. (3.3)
is:

FðX ¼ i; sÞ ¼ e�
R s

0
RtðX¼i;s0 Þds0 ¼ the probability that the particle

will travel the distance s in the
given direction X

¼ i without interacting: ð3:4Þ

We can generalize this equation for all directions, giving

FðX; sÞ ¼ e�
R s

0
RtðX;s0 Þds0 ¼ the probability that the particle will

travel the distance s in a given direction
X without interacting: ð3:5Þ

The probability of a collision between s and sþ ds in a given direc-
tion X is:

RtðX; sÞFðX; sÞds ¼ qðX; sÞds; ð3:6Þ

and therefore:

qðX; sÞ ¼ RtðX; sÞe�
R s

0
RtðX;s0 Þds0

¼ conditional distribution function for the
distance� to� collision in a given direction X: ð3:7Þ

Let us define

nðXÞdX ¼ probability that a particle is traveling in dX about X;

ð3:8Þ

and

pðX;sÞdX ds¼probability that a particle traveling in dX about
X will experience a collision between s and sþds: ð3:9Þ

Then

pðX; sÞdX ds ¼ ðprob: that a particle is traveling in dX about XÞ
� ðprob: of a collision between

s and sþ ds in a given direction XÞ
¼ ðnðXÞdXÞðqðX; sÞdsÞ; ð3:10Þ

that is, pðX; sÞ is a joint distribution function.
Eq. (3.7) expresses qðX; sÞ in terms of RtðX; sÞ. To express

RtðX; sÞ in terms of qðX; sÞ, we operate on Eq. (3.7) by
R s

0ð�Þds0 and
get:Z s

0
qðX; s0Þds0 ¼ 1� e�

R s

0
RtðX;s0Þds0

; ð3:11aÞ

or

e�
R s

0
RtðX;s0 Þds0 ¼ 1�

Z s

0
qðX; s0Þds0: ð3:11bÞ

Hence,Z s

0
RtðX; s0Þds0 ¼ � ln 1�

Z s

0
qðX; s0Þds0

� �
: ð3:11cÞ

Differentiating with respect to s, we obtain:

RtðX; sÞ ¼
qðX; sÞ

1�
R s

0 qðX; s0Þds0
: ð3:12Þ

Eqs. (3.7) and (3.12) show that qðX; sÞ is exponential if and only if
RtðX; sÞ is independent of s.
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Moreover, for the case of an infinite medium with an ‘‘equilib-
rium’’ intensity having no space dependence (but dependent on
direction), Eq. (2.5a) for s > 0 reduces to:

@w
@s
ðX; sÞ þ RtðX; sÞwðX; sÞ ¼ 0; ð3:13Þ

which has the solution

wðX; sÞ ¼ wðX;0Þe�
R s

0
RtðX;s0 Þds0

: ð3:14Þ

Normalizing this solution to have integral = unity, we obtain:

vðX; sÞ ¼ e�
R s

0
RtðX;s0 Þds0R1

0 e�
R s0

0
RtðX;s00 Þds00ds0

¼ equilibrium spectrum of
path� length s in a given direction X: ð3:15Þ

From Eq. (3.7), the mean distance-to-collision (mean free path) in a
given direction X is:

sXðXÞ ¼
Z 1

0
sqðX; sÞds ¼

Z 1

0
s RtðX; sÞe�

R s

0
RtðX;s0 Þds0

� �
ds

¼ s �e�
R s

0
RtðX;s0Þds0

� �1
0
�
Z 1

0
�e�

R s

0
RtðX;s0Þds0

� �
ds

¼
Z 1

0
e�
R s

0
RtðX;s0Þds0 ds: ð3:16Þ

Eq. (3.15) can then be written:

vðX; sÞ ¼ e�
R s

0
Rt ðX;s0Þds0

sXðXÞ
; ð3:17Þ

and by the Law of Total Expectation (Billingsley, 1995), the mean
free path hsi is given by

hsi ¼
Z

4p

Z 1

0
spðX; sÞds dX ¼

Z
4p

nðXÞsXðXÞdX: ð3:18Þ

Note: from now on we assume that sXðXÞ is an even function of the
direction of flight X. This makes sense since, from the physical point
of view, the mean free path of a particle traveling in the direction X
must be equal to the mean free path of a particle traveling in the
direction �X.

4. Integral equation formulations of the new GLBE

Using the work in Larsen and Vasques (2011) as a guide, let us
define:

f ðx;XÞ ¼
Z 1

0
RtðX; sÞwðx;X; sÞds ¼ collision rate density; ð4:1Þ

and

gðx;XÞ ¼ c
Z

4p
PðX0 �XÞf ðx;X0ÞdX0

¼ inscattering rate density: ð4:2Þ

The definition (4.1) allows us to rewrite Eqs. (2.5) as:

@w
@s
ðx;X; sÞ þX � $wðx;X; sÞ þ RtðX; sÞwðx;X; sÞ ¼ 0; ð4:3aÞ

wðx;X;0Þ ¼ c
Z

4p
PðX0 �XÞf ðx;X0ÞdX0 þ QðxÞ

4p
: ð4:3bÞ

Solving Eq. (4.3a) and using Eq. (4.3b), we obtain for s > 0

wðx;X;sÞ¼wðx� sX;X;0Þe�
R s

0
RtðX;s0 Þds0

¼ c
Z

4p
PðX0 �XÞf ðx� sX;X0ÞdX0 þQðx� sXÞ

4p

� �
e�
R s

0
RtðX;s0 Þds0

:

ð4:4Þ
Operating on this equation by
R1

0 RtðX; sÞð�Þds and using Eqs. (4.1)
and (3.7), we get:

f ðx;XÞ¼
Z 1

0
c
Z

4p
PðX0 �XÞf ðx� sX;X0ÞdX0 þQðx� sXÞ

4p

� �
qðX;sÞds:

ð4:5aÞ

Also, operating on Eq. (4.4) by
R1

0 ð�Þds and using Eq. (2.8), we
obtain:

wcðx;XÞ ¼
Z 1

0
c
Z

4p
PðX0 �XÞf ðx� sX;X0ÞdX0 þQðx� sXÞ

4p

� �
e�
R s

0
Rt ðX;s0 Þds0 ds:

ð4:5bÞ

Thus, if the integral Eq. (4.5a) for f ðx;XÞ is solved, Eq. (4.5b) yields
the classic angular flux.

Using definition (4.2), we can rewrite Eq. (4.5a) as:

f ðx;XÞ ¼
Z 1

0
gðx� sX;XÞ þ Qðx� sXÞ

4p

� �
qðX; sÞds; ð4:6Þ

and operating on this result by c
R

4p PðX �X0Þð�ÞdX0 we obtain:

gðx;XÞ ¼ c
Z

4p
PðX �X0Þ

Z 1

0
gðx� sX0;X0Þ½

þQðx� sX0Þ
4p

�
qðX0; sÞds dX0: ð4:7Þ

Changing the spatial variables from the 3-D spherical ðX0; sÞ to the
3-D Cartesian x0 defined by

x0 ¼ x� sX0; ð4:8Þ

we obtain

s ¼ jx� x0j; ð4:9aÞ

X0 ¼ x� x0

jx� x0j ; ð4:9bÞ

s2 ds dX ¼ dV 0: ð4:9cÞ

Now, we can rewrite Eq. (4.7) as:

gðx;XÞ¼ c
Z Z Z

P
x�x0

jx�x0j �X
� �

g x0;
x�x0

jx�x0j

� �
þQðx0Þ

4p

� �
q̂ðjx�x0jÞ
jx�x0j2

dV 0;

ð4:10aÞ

where q̂ðjx� x0jÞdV 0 is the conditional probability that, given the
direction defined by x� x0, a particle moving from a point x to a
point lying in dV 0 about x0 will experience a collision. Definition
(4.2) allows us to rewrite Eq. (4.5b) as well:

wcðx;XÞ¼
Z 1

0
gðx� sX;XÞþQðx� sXÞ

4p

� �
e�
R s

0
RtðX;s0 Þds0 ds: ð4:10bÞ

Here, solving the integral Eq. (4.10a) for gðx;XÞ, Eq. (4.10b) yields
the classic angular flux. This specific formulation does not contain
the path-length variable s as an independent variable.

Finally, for the case of isotropic scattering (in which
PðX0 �XÞ ¼ 1=4p), gðx;XÞ in Eq. (4.2) becomes isotropic:

gðxÞ ¼ c
4p

Z
4p

f ðx;X0ÞdX0 � c
4p
bF ðxÞ; ð4:11aÞ

where

bF ðxÞ ¼ Z
4p

f ðx;X0ÞdX0 ¼ scalar collision rate density: ð4:11bÞ

Eq. (4.10a) is then reduced to

bF ðxÞ ¼ ZZZ ½cbF ðx0Þ þ Qðx0Þ� q̂ðjx� x0jÞ
4pjx� x0j2

dV 0; ð4:12aÞ

and using Eq. (4.11a), we write Eq. (4.10b) as:
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wcðx;XÞ ¼
1

4p

Z 1

0
½cbF ðx� sXÞ þ Qðx� sXÞ�e�

R s

0
RtðX;s0 Þds0 ds:

ð4:12bÞ
Operating on this equation by

R
4pð�ÞdX and using Eqs. (48) and (49),

we obtain:

/cðxÞ ¼
ZZZ

½cbF ðx0Þ þ Qðx0Þ� e
�
R jx�x0 j

0
Rt

x�x0
jx�x0 j;s

0
� �

ds0

4pjx� x0j2
dV 0: ð4:12cÞ

If we solve the integral Eq. (4.12a) for bFðxÞ, the classic angular
flux is given by Eq. (4.12b) and the classic scalar flux is given by
Eq. (4.12c).

5. Asymptotic diffusion limit of the new GLBE

To begin this discussion, we must first consider the Legendre poly-
nomial expansion of the distribution function PðX �X0Þ ¼ Pðl0Þ
defined by Eq. (2.1f) (Lewis and Miller, 1993):

Pðl0Þ ¼
X1
n¼0

2nþ 1
4p

anPnðl0Þ; ð5:1Þ

where a0 ¼ 1 and a1 ¼ �l0 = mean scattering cosine. We define
P�ðl0Þ by:

P�ðl0Þ ¼ cPðl0Þ þ
1� c

4p
; ð5:2Þ

which has the Legendre polynomial expansion:

P�ðl0Þ ¼
X1
n¼0

2nþ 1
4p

a�nPnðl0Þ; ð5:3aÞ

a�n ¼
1; n ¼ 0;
can; n P 1:

�
ð5:3bÞ

Using the work in Larsen et al. (1996) as a guide, we scale
Rt ¼ Oðe�1Þ;1� c ¼ Oðe2Þ, Q ¼ OðeÞ; P�ðl0Þ is independent of e, and
@w=@s ¼ Oðe�1Þ, with e� 1. Eqs. (2.4) and (5.2) yield, in this scaling,

1
e
@w
@s
ðx;X; sÞ þX � $wðx;X; sÞ þ RtðX; sÞ

e
wðx;X; sÞ ¼

dðsÞ
Z

4p

Z 1

0
P�ðX �X0Þ � e2 1� c

4p

� �
RtðX0; s0Þ

e
wðx;X0; s0Þds0 dX0

þ edðsÞQðxÞ
4p

: ð5:4Þ

Let us define Wðx;X; sÞ by:

wðx;X; sÞ � Wðx;X; sÞ e
�
R s

0
RtðX;s0 Þds0

hsi : ð5:5Þ

Then, using Eqs. (3.7) and (5.4) for wðx;X; sÞ becomes the following
equation for Wðx;X; sÞ:
@W
@s
ðx;X; sÞ þ eX � $Wðx;X; sÞ

¼ dðsÞ
Z

4p

Z 1

0
P�ðX �X0Þ � e2 1� c

4p

� �
qðX0; s0ÞWðx;X0; s0Þds0 dX0

þ e2dðsÞhsiQðxÞ
4p

: ð5:6Þ

The scaling in this equation implies the following:

	 The Oð1Þ terms describe particle scattering. The transport
process is dominated by scattering; the length scale for the
problem is chosen so that a unit of length is comparable to a
typical mean free path, and the system is many mean free paths
thick.
	 The leakage ðX � rWÞ term is OðeÞ. (The angular flux w varies a

small amount over the distance of one mean free path.)
	 The absorption term 1� c ¼ Ra=Rt and the source term Q are
Oðe2Þ, balanced in such a way that the infinite medium solution
w ¼ Q=4pRa is Oð1Þ. (The infinite medium solution holds when
the source and the cross sections are constant.)
	 In the scaling defined by Eqs. (5.3) only the n ¼ 0 constant a0 is

‘‘stretched’’ asymptotically; the higher-order ðn P 1Þ terms are
not stretched. When this scaling is applied to a standard linear
Boltzmann equation one obtains the same diffusion equation
that is obtained from the standard P1 or spherical harmonics
approximation.

Eq. (5.6) is mathematically equivalent to:

@W
@s
ðx;X; sÞ þ eX � $Wðx;X; sÞ ¼ 0; s > 0; ð5:7aÞ

Wðx;X;0Þ¼
Z

4p
P�ðX �X0Þ�e2 1�c

4p

� �Z 1

0
qðX0;s0ÞWðx;X0;s0Þds0 dX0

þe2hsiQðxÞ
4p

:

ð5:7bÞ

Integrating Eq. (5.7a) over 0 < s0 < s, we obtain:

Wðx;X;sÞ¼Wðx;X;0Þ�eX �$
Z s

0
Wðx;X;s0Þds0

¼
Z

4p
P�ðX �X0Þ�e2 1�c

4p

� �Z 1

0
qðX0;s0ÞWðx;X0;s0Þds0 dX0

þe2hsiQðxÞ
4p
�eX �$

Z s

0
Wðx;X;s0Þds0:

ð5:8Þ

Introducing into this equation the ansatz

Wðx;X; sÞ ¼
X1
n¼0

enWðnÞðx;X; sÞ ð5:9Þ

and equating the coefficients of different powers of e, we obtain for
n P 0:

WðnÞðx;X; sÞ ¼
Z

4p
P�ðX �X0Þ

Z 1

0
qðX0; s0ÞWðnÞðx;X0; s0Þds0 dX0

�X � $
Z s

0
Wðn�1Þðx;X; s0Þds0

� 1� c
4p

Z
4p

Z 1

0
qðX0; s0ÞWðn�2Þðx;X0; s0Þds0 dX0

þ dn;2hsi
QðxÞ
4p

: ð5:10Þ

We solve these equations recursively, using the Legendre polyno-
mial expansion (5.2) of P�ðl0Þ.

Eq. (5.10) with n ¼ 0 is:

Wð0Þðx;X; sÞ ¼
Z

4p
P�ðX �X0Þ

Z 1

0
qðX0; s0ÞWð0Þðx;X0; s0Þds0 dX0:

ð5:11Þ

The general solution of this equation is:

Wð0Þðx;X; sÞ ¼ Uð0ÞðxÞ
4p

; ð5:12Þ

where Uð0ÞðxÞ is, at this point, undetermined.
Next, Eq. (5.10) with n ¼ 1 is:

Wð1Þðx;X; sÞ ¼
Z

4p
P�ðX �X0Þ

Z 1

0
qðX0; s0ÞWð1Þðx;X0; s0Þds0 dX0

� sX � $Uð0ÞðxÞ
4p

: ð5:13Þ
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This equation has a particular solution of the form:

Wð1Þpartðx;X; sÞ ¼ ½sðXÞ � sX� � $Uð0ÞðxÞ
4p

; ð5:14Þ

where

sðXÞ ¼
Z

4p
P�ðX �X0ÞsðX0ÞdX0 þ bSðXÞ; ð5:15aÞ

bSðXÞ ¼ � Z
4p

X0P�ðX �X0ÞsXðX0ÞdX0: ð5:15bÞ

As a Fredholm integral equation of the second kind, Eq. (5.15a) has
the Liouville-Neumann series solution (Arfken, 1985):

sðXÞ ¼ lim
N!1

XN

n¼0

snðXÞ; ð5:16Þ

where

s0ðXÞ ¼ bSðXÞ; ð5:17aÞ

s1ðXÞ ¼
Z

4p
P�ðX �X1ÞbSðX1ÞdX1; ð5:17bÞ

s2ðXÞ ¼
Z

4p

Z
4p

P�ðX �X1ÞP�ðX1 �X2ÞbSðX2ÞdX2 dX1; ð5:17cÞ

..

.

snðXÞ ¼
Z

4p

Z
4p

. . .

Z
4p

P�ðX �X1ÞP�ðX1 �X2Þ . . . ð5:17dÞ

. . . P�ðXn�1 �XnÞbSðXnÞdXn . . . dX2 dX1:

Since sXðXÞ is an even function of X, we note that bSðXÞ and sðXÞ are
odd functions of X:bS ð�XÞ ¼ �

Z
4p

X0P�ð�X �X0ÞsXðX0ÞdX0

¼ �
Z

4p
�X0P�ð�X � �X0ÞsXð�X0ÞdX0

¼
Z

4p
X0P�ðX �X0ÞsXðX0ÞdX0 ¼ �bSðXÞ; ð5:18Þ

and snð�XÞ ¼ �snðXÞ 8n 
 0 follows with the same argument, by
Eqs. (5.17). The general solution of Eq. (5.13) is given by:

Wð1Þðx;X; sÞ ¼ Uð1ÞðxÞ
4p

þ ½sðXÞ � sX� � $Uð0ÞðxÞ
4p

; ð5:19Þ

where Uð1ÞðxÞ is undetermined.
Eq. (5.10) with n ¼ 2 has a solvability condition, which is ob-

tained by operating on it by
R

4p

R1
0 qðX; sÞð�Þds dX. Using Eqs.

(5.12) and (5.19) to obtain:Z
4p

Z 1

0
qðX0; s0ÞWð0Þðx;X0; s0Þds0 dX0 ¼ Uð0ÞðxÞ; ð5:20aÞ

and:Z s

0
Wð1Þðx;X; s0Þds0 ¼ s

Uð1ÞðxÞ
4p

þ ssðXÞ � s2

2
X

� �
� $Uð0ÞðxÞ

4p
;

ð5:20bÞ

the solvability condition becomes:

0 ¼ 1
4p

Z
4p

Z 1

0
qðX; sÞ s2

2
½X � $�2 � s½sðXÞ � $�½X � $�

� �
Uð0ÞðxÞds dX

� ð1� cÞ
4p

Z
4p

Z 1

0
qðX; sÞUð0ÞðxÞds dXþ hsiQðxÞ: ð5:21Þ

Thus, using the fact that
R1

0 qðX; sÞds ¼ 1 andR1
0 smqðX; sÞds ¼ sm

XðXÞ, we can rewrite Eq. (5.21) as:

1
4phsi

Z
4p

s2
XðXÞ

2
½X � $�2 � sXðXÞ½sðXÞ � $�½X � $�

� �
Uð0ÞðxÞdX

� ð1� cÞ
hsi Uð0ÞðxÞ þ QðxÞ ¼ 0: ð5:22Þ
If we write sðXÞ ¼ ðsxðXÞ; syðXÞ; szðXÞÞ, this equation is equivalent
to:

� Dxx
@2

@x2þDyy
@2

@y2þDzz
@2

@z2þDxy
@2

@x@y
þDxz

@2

@x@z
þDyz

@2

@y@z

" #
Uð0ÞðxÞ

þ1�c
hsi Uð0ÞðxÞ¼QðxÞ; ð5:23Þ

where Dxx;Dyy;Dzz;Dxy;Dxz; and Dyz are the diffusion coefficients gi-
ven by

Dxx ¼
1

4phsi

Z
4p

s2
XðXÞ

2
Xx � sXðXÞsxðXÞ

� �
Xx dX; ð5:24aÞ

Dyy ¼
1

4phsi

Z
4p

s2
XðXÞ

2
Xy � sXðXÞsyðXÞ

� �
Xy dX; ð5:24bÞ

Dzz ¼
1

4phsi

Z
4p

s2
XðXÞ

2
Xz � sXðXÞszðXÞ

� �
Xz dX; ð5:24cÞ

Dxy ¼
1

4phsi

Z
4p

s2
XðXÞXxXy � sXðXÞ½sxðXÞXy þ syðXÞXx�

	 

dX;

ð5:24dÞ

Dxz ¼
1

4phsi

Z
4p

s2
XðXÞXxXz � sXðXÞ½sxðXÞXz þ szðXÞXx�

	 

dX;

ð5:24eÞ

Dyz ¼
1

4phsi

Z
4p

s2
XðXÞXyXz � sXðXÞ½syðXÞXz þ szðXÞXy�

	 

dX:

ð5:24fÞ

Summarizing: the solution wðx;X; sÞ of Eq. (5.4) satisfies:

wðx;X; sÞ ¼ Uð0ÞðxÞ
4p

e�
R s

0
RtðX;s0 Þds0

hsi þ OðeÞ; ð5:25Þ

where Uð0ÞðxÞ satisfies Eq. (5.23). Integrating Eq. (5.25) over
0 < s <1 and using Eq. (3.16), we obtain an expression to the clas-
sic angular flux (to leading order):

wcðx;XÞ ¼ Uð0ÞðxÞ sXðXÞ
4phsi : ð5:26Þ
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5.1. Special case 1: isotropic scattering

In the case of isotropic scattering, P�ðX �X0Þ ¼ 1=4p and

bSðXÞ ¼ � 1
4p

Z
4p

X0 sXðX0ÞdX0 ¼ 0; ð5:27Þ

since sXðXÞ is an even function of X. Introducing this result into Eqs.
(5.17), we obtain snðXÞ ¼ 0 8n P 0. Hence, by Eq. (5.16), sðXÞ ¼ 0,
and Eqs. (5.24) can be writen as

Dxx ¼
1

2hsi
1

4p

Z
4p

s2
XðXÞX

2
x dX

� �
; ð5:28aÞ

Dyy ¼
1

2hsi
1

4p

Z
4p

s2
XðXÞX

2
y dX

� �
; ð5:28bÞ

Dzz ¼
1

2hsi
1

4p

Z
4p

s2
XðXÞX

2
z dX

� �
; ð5:28cÞ

Dxy ¼
1
hsi

1
4p

Z
4p

s2
XðXÞXxXy dX

� �
; ð5:28dÞ

Dxz ¼
1
hsi

1
4p

Z
4p

s2
XðXÞXxXz dX

� �
; ð5:28eÞ

Dyz ¼
1
hsi

1
4p

Z
4p

s2
XðXÞXyXz dX

� �
: ð5:28fÞ
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5.2. Special case 2: isotropic scattering and azimuthal symmetry

A general diffusion equation with no off-diagonal terms (that is,
without diffusion coefficients that depend on more than one direc-
tion) can be obtained in systems with azimuthal symmetry (such
as in PBR problems). Specifically, if we define the polar angle

against the z-axis such that ðXx;Xy;XzÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l2

p
cos u;

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� l2

p
sin u;lÞ, the probability distribution function for dis-

tance-to-collision is independent of the azimuthal angle u; that
is, sm

XðXÞ ¼ sm
XðlÞ depends only upon the polar angle l. Then,

Dxy ¼ Dxz ¼ Dyz ¼ 0 and Dxx ¼ Dyy, and we obtain the following

anisotropic diffusion equation for Uð0ÞðxÞ:

� Dxx
@2

@x2 Uð0ÞðxÞ � Dyy
@2

@y2 Uð0ÞðxÞ � Dzz
@2

@z2 Uð0ÞðxÞ þ 1� c
hsi Uð0ÞðxÞ

¼ QðxÞ; ð5:29Þ

where Dxx ¼ Dyy are given by Eq. (5.28a) ¼ Eq. (5.28b), and Dzz is
given by Eq. (5.28c).

5.3. Special case 3: standard GLBE (RtðX; sÞ ¼ RtðsÞ)

Let us now examine the situation in which the locations of the
scattering centers are correlated but independent of direction. In
this case, we can write RtðX; sÞ ¼ RtðsÞ, and Eq. (3.7) yields
qðX; sÞ ¼ RtðsÞe�

R s

0
Rt ðs0 Þds0 . Introducing this result into Eq. (3.16),

we see that sXðXÞ ¼ sX is now independent of X, and we can use
Eq. (3.18) to obtain hsi ¼ sX. (Similarly, s2

XðXÞ ¼ hs2i.) Therefore,
operating on Eq. (5.26) by

R
4pð�ÞdX, we obtainZ

4p
wcðx;XÞdX ¼ Uð0ÞðxÞ: ð5:30Þ

Thus, the solution Uð0ÞðxÞ of Eq. (5.23) is the classic scalar flux (to
leading order). Furthermore, we can write

bSðXÞ ¼ �Z
4p

X0P�ðX �X0ÞsXðX0ÞdX0 ¼ �hsi
Z

4p
X0P�ðX �X0ÞdX0:

ð5:31aÞ

To evaluate this integral, we choose the system of coordinates such
that X ¼ ð0;0;1Þ ¼ ~k. Then, X �X0 ¼ l0 andZ

4p
X0P�ðX �X0ÞdX0 ¼ 2p~k

Z 1

�1
l0P�ðl0Þdl0 ¼ 2pX

Z 1

�1
l0P�ðl0Þdl0:

ð5:31bÞ

We know (Lewis and Miller, 1993) that P1ðl0Þ ¼ l0; thus, using Eqs.
(5.3):Z 1

�1
l0P�ðl0Þdl0 ¼

Z 1

�1

3
4p

a�1l
02dl0 ¼ a�1

2p
¼ ca1

2p
; ð5:31cÞ

due to the orthogonality of the Legendre polynomials. Since a1 ¼ �l0

(the mean scattering cosine), Eqs. (5.31) yield the explicit
expression

bSðXÞ ¼ �hsi 2pX
c�l0

2p

� �
¼ �hsi X½c�l0�: ð5:32Þ

Introducing this equation into Eqs. (5.17), we obtain
snðXÞ ¼ �hsi X½c�l0�nþ1 8n P 0; and using Eq. (5.16):

sðXÞ ¼ � c�l0

1� c�l0
hsi X: ð5:33Þ

In this case, the angular integrals in Eqs. (5.24) yield:

D ¼ Dxx ¼ Dyy ¼ Dzz ¼
1
3
hs2i
2hsi þ

c�l0

1� c�l0
hsi

� �
; ð5:34aÞ

Dxy ¼ Dxz ¼ Dyz ¼ 0; ð5:34bÞ
which reduces Eq. (5.23) to the result obtained in Larsen (2007).
Note: if qðX; sÞ were to decay algebraically as s�!1 as:

qðX; sÞP constant
s3 for s P 1; ð5:35Þ

then the asymptotic diffusion approximation developed here would
be invalid, since this would imply

s2
XðXÞ ¼

Z 1

0
s2qðX; sÞds ¼ 1: ð5:36Þ

The asymptotic analysis tacitly requires both sX and s2
X to be fi-

nite. Physically, when s2
X ¼ 1, particles will travel large dis-

tances between collisions too often. That is, sufficiently long
flight paths will occur sufficiently often that the diffusion
description developed here becomes invalid. Following the
nomenclature in Davis (2008), standard diffusion s2

X <1
	 


is
an asymptotic approximation of the GLBE, while anomalous dif-
fusion s2

X ¼ 1
	 


is not.

6. Reduction to the classic theory

We now show that, with the classic assumption that the loca-
tions of the scattering centers are uncorrelated and do not depend
upon direction, the results obtained by the GLBE presented here
reduce to the results of the classic theory. In other words, we
now assume that

RtðX; sÞ ¼ Rt � constant: ð6:1Þ

In this case, Eq. (2.4) can be rewritten as

@w
@s
ðx;X; sÞ þX � $wðx;X; sÞ þ Rtwðx;X; sÞ

¼ dðsÞ Rs

Z
4p

Z 1

0
PðX0 �XÞwðx;X0; s0Þds0dX0 þ dðsÞQðxÞ

4p
; ð6:2Þ

where Rs ¼ cRt . Operating on this equation by
R1
�eð�Þds and using Eq.

(2.8), we obtain

wðx;X;1Þ� wðx;X;�eÞ þX � $wcðx;XÞ þ Rtwcðx;XÞ

¼ Rs

Z
4p

PðX0 �XÞwcðx;X0ÞdX0 þ QðxÞ
4p

: ð6:3Þ

Using the fact that wðx;X;1Þ ¼ wðx;X;�eÞ ¼ 0, we have

X � $wcðx;XÞ þ Rtwcðx;XÞ ¼ Rs

Z
4p

PðX0 �XÞwcðx;X0ÞdX0 þ QðxÞ
4p

;

ð6:4Þ

which is, of course, the classic linear Boltzmann equation.
Moreover, if Eq. (6.1) holds, then Eq. (3.7) yields

qðX; sÞ ¼ Rte�Rt s ¼ pðsÞ; ð6:5Þ

that is, the probability distribution function for distance-to-collision
is given by an exponential. Introducing Eq. (6.5) into Eq. (3.16), we
can use Eq. (3.18) to obtain

hsi ¼ sXðXÞ ¼
1
Rt
; ð6:6aÞ

which is the classic expression for the mean free path. Also, the
mean-squared free path is given by:

hs2i ¼ s2
XðXÞ ¼

Z 1

0
s2pðsÞds ¼ 2

R2
t

: ð6:6bÞ

For the integral formulation, Eqs. (4.10) can now be easily reduced
to their classic form, since Eq. (6.1) allows us to write
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q̂ðjx� x0jÞ ¼ Rte�Rt jx�x0 j ð6:7Þ

in Eq. (4.10a). Furthermore, Eq. (4.1) yields

f ðx;XÞ ¼ Rt

Z 1

0
wðx;X; sÞds ¼ Rtwcðx;XÞ; ð6:8Þ

and thus by Eq. (4.11b),

bF ðxÞ ¼ Rt

Z
4p

wcðx;X0ÞdX0 ¼ Rt/cðxÞ: ð6:9Þ

Using Eq. (6.7) and the previous result in Eqs. (4.12b) and (4.12c),
we obtain:

wcðx;XÞ ¼
1

4p

Z 1

0
½Rs/cðx� sXÞ þ Qðx� sXÞ�e�Rt s ds; ð6:10aÞ

and

/cðxÞ ¼
ZZZ

½Rs/cðx0Þ þ Qðx0Þ� e�Rt jx�x0 j

4pjx� x0j2
dV 0: ð6:10bÞ

Eq. (6.10b) is the classic integral transport equation for the sca-
lar flux /cðxÞ, and Eq. (6.10a) is the classic expression for the
angular flux wcðx;XÞ in terms of /cðxÞ, for the case of isotropic
scattering.

For the theory involving the asymptotic diffusion limit, if Eq.
(6.1) holds, then we can use Eqs. (5.34) and (6.6) to reduce Eq.
(5.23) to the classic diffusion expression:

� 1
3Rtð1� c�l0Þ

r2Uð0ÞðxÞ þ Rtð1� cÞUð0ÞðxÞ ¼ QðxÞ: ð6:11Þ

In short, we have shown that when Eq. (6.1) holds, the new general-
ized theory reduces to the classic transport theory, as it must.

7. Discussion

We have generalized the theory introduced in Larsen (2007), in
which the true non-exponential probability distribution function
for the distance-to-collision is replaced by its ensemble average.
This ensemble-averaged probability distribution function is used
at all points to determine how far particles travel between colli-
sions. The original aspect of the present model is in allowing the
cross sections of the homogenized system to be functions of both
angle X and distance-to-collision s; that is, we assume that the
locations of the scattering centers are correlated and depend upon
direction.

With this method, we obtain a new generalized Boltzmann
equation that preserves all relevant asymptotic limits and re-
duces to the classic Boltzmann equation in the case of a homo-
geneous system. The disadvantage is that there is no simple way
to obtain expressions for these s-dependent cross sections; they
need to be numerically estimated. Nevertheless, we use this re-
sult to develop a generalized diffusion equation, which does not
depend upon the variable s, but rather on its mean and mean-
squared values sX and s2

X. The diffusion approximation also pre-
serves all relevant limits and reduces to classic diffusion in
homogeneous systems. Moreover, it yields anisotropic diffusion
coefficients when the locations of the scattering centers depend
upon direction.

The present theory requires more information about a random
system than the atomic mix method; if a random system is
diffusive, then only sX and s2

X need to be estimated (for isotropic
diffusion, they will not depend on X). This extra information is
microscopic in nature; it is not a closure relation, as in the
Levermore–Pomraning method. Our theory uses this microscopic
data in a generalized Boltzmann equation or in a generalized diffu-
sion equation to determine approximate mean macroscopic quan-
tities. In Part II of this paper (Vasques and Larsen, 2014) we
numerically show that, for problems of the pebble bed kind, this
new approach accurately predicts the anisotropic behavior of the
systems, which cannot be achieved by the standard GLBE and the
classic approaches currently in use.

In the future, we intend to extend the present work to prob-
lems with inhomogeneous statistics, as well as for energy-depen-
dent systems. Also, having developed a theory for the mean flux
of particles, the next logical step is to try to develop a similar the-
ory that is capable of calculating variance; this is another of our
goals.
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